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Abstract

In open market operations, a central bank swaps currency for bonds. We
show how injecting money in this way is different from transfers, as policy is
usually formulated in similar models. For this we capture liquidity explicitly
by modeling the roles of assets in frictional exchange. Under various specifi-
cations for market structure and the acceptability or pledgeability of assets,
we discuss implications for the Fisher and quantity equations, the possibility
of negative nominal yields, liquidity traps, and market segmentation. When
liquidity is endogenized using information theory, multiple equilibria emerge
with different policy predictions. We also analyze interest on reserves.
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1 Introduction

In an open market operation, or OMO, the central bank swaps currency for bonds.
That this policy is important is clear from the substantial discussion in textbooks
on monetary economics, yet there is little formal analysis in monetary theory, and
hence the effects are not completely understood. This paper uses a microfounded
New Monetarist model to systematically analyze OMO’s. We find that injecting
money in this way is very different from the lump-sum transfers — the proverbial
“helicopter drops” — previously studied in this framework.!

This involves extending the standard framework in several ways. First, we
introduce interest-bearing government bonds, A, in addition to money, A,,. In
the interest of robustness, short- and long-term bonds, plus real and nominal bonds,
are considered. Second, both assets can be used in decentralized trade, as media
of exchange or collateral, but to induce differential liquidity premia we let A,
and A,, differ in either their acceptability (the fraction of trades in which the
asset is accepted) or pledgeability (the amount of the asset that is accepted).
Third, the focus is squarely on asset swaps and their use in targeting interest
rates, not transfers. Finally, and importantly, rather than taking acceptability and
pledgeability as primitives, we endogenize them using information frictions. While
there are previous information-theoretic analyses of liquidity, they do not pursue
the implications for OMO’s, which are interesting because endogenous information
naturally leads to multiple equilibria with very different policy implications.

To summarize, a typical OMO involves an increase in A,, engineered by central
bank bond purchases of A, which means a decrease in private holdings of A,. This
is only the same as increases in A,, engineered by transfers in special cases. The
reason is simple: with OMQO’s, not only does A,, go up, A, also goes down, and

in fact, the latter is more important. Another reason they may not be the same

!That lump-sum transfers are the usual way to inject cash is clear from recent surveys of this
literature by Lagos et al. (2017) and Rocheteau and Nosal (2017).



concerns their fiscal implications, but in the interest of controlled experiments, we
sterilize these by having fiscal policy passively accommodate monetary policy.?

To put the contribution in perspective, consider Wallace (1981), who has a
model where swapping A,, for A, has no effect. His results are special, because
A,, and A, must be perfect substitutes in his OLG (overlapping generations) frame-
work. While OLG models allow fiat money to be valued, they do not allow multiple
assets to be valued, unless they have the same return, by no-arbitrage conditions
that apply in any Walrasian market. Wallace calls his result a Modigliani-Miller
Theorem for OMQO’s because it is similar to noticing that the mix of debt and
equity does not matter for corporate finance when they are perfect substitutes. So
when Wallace swaps A for A,,, it is like swapping two ten-dollar bills for a twenty.
Of course, if the assets have different risks, the results change, but no one (at least
since Tobin 1958) thinks the key distinction between T-bills and currency is risk.
Here the key property is liquidity, something missing in Walrasian theory.

In terms of results, first, we characterize the effects of OMQO’s on various interest
rates, discuss the Fisher equation, and show how bonds can bear negative nominal

3 Then we characterize the effects on the price level and

yields in some cases.
inflation. The model by design obeys the quantity equation — classical neutrality
— in the sense that one-time unanticipated increases in A,, due to transfers raise

all nominal variables proportionately with no impact on real variables. The point

is not whether money is neutral in reality; the model is that way, by design, to

20n this, we cannot improve on the Editor’s letter: “One important part of [the experiments]
.. is to separate the integration of the monetary and fiscal policy resource constraints. Separate
the two to be clearer that there is a fiscal authority that chooses some lump sum taxes, and that
issues government bonds in amount A,. Its behavior can be completely passive, essentially just
fiscally backing whatever the monetary authority does. Then there is a monetary authority that
buys the bonds, and prints money, rebating profits to the fiscal authority. By picking A,, and
buying bonds, the monetary authority essentially is choosing also A;, now understood not as the
total supply of these bonds, but rather as the amount of government bonds held by the private
sector. Separating the two makes clearer what an OMO is.”

3Whether or not our conditions for negative nominal rates constitute the relevant case em-
pirically, the results demonstrate how the phenomena can emerge logically. While we do check
these conditions econometrically, our work is a complement to, e.g., Krishnamurthy and Vissing-
Jorgensen (2012), who do show empirically that T-bills have a “convenience yield.”



examine OMQ’s impact via liquidity without nominal rigidities, signal-extraction
problems, etc. (although Sections 3.1 and 3.2 mention how some times neutrality
fails). Yet even in this case, increases in A, from OMO’s raise nominal variables
less than proportionately and change the allocation, except when the assets are
perfect substitutes (as in a liquidity trap) or agents are satiated in bonds (as in
a liquidity glut). Finally, liquidity is endogenized, which as mentioned generates
multiple equilibria. Hence, if a policy maker asks about the impact of OMQ’s, the
answer must depend on knowing the type equilibrium we are in.

Given the surveys cited in fn.1 we do not review the New Monetarist litera-
ture.? On reduced-form monetary economics — e.g., CIA (cash-in-advance) or MUF
(money-in-the-utility function) models — there is too much work to list, but see,
e.g., Bansal and Coleman (1996) for a representative example and more references.
One branch of this research, e.g., Alvarez et al. (2002) focuses on market segmen-
tation, where not everyone is active in all markets or there is a cost to transferring
resources across markets. We also get different assets accepted in different markets,
but there are no CIA constraints, and agents can always go to a cashless market.
Moreover, heterogeneous portfolios here are choices, not restrictions.

Section 2 describes the environment. Sections 3 and 4 study equilibrium with
exogenous and endogenous liquidity. Section 5 sketches some extensions, including

a model with interest on reserves. Section 6 concludes.

2 Environment

As in Lagos and Wright (2005) or Rocheteau and Wright (2005), at each date
t =0,1,... two markets convene sequentially: a decentralized market, or DM, with

frictions discussed below; and a frictionless centralized market, or CM. In the CM,

*We mention Williamson (2012,2016), Rocheteau and Rodriguez-Lopez (2014), Shi (2014)
and Dong and Xiao (2015), which are similar, but with a big difference — namely, we endogenize
liquidity based on information, which requires going beyond take-it-or-leave-it bargaining, as in
most of those papers, as sellers do not invest in information if they get no gain from trade.



a large number of agents work, consume and adjust their portfolios. In the DM
some agents, called sellers, can provide something — a good, service, input or asset
— wanted by other agents, called buyers (buyer and seller types are permanent,
but not much changes if they are random each period). Let p be the measure of
buyers and n the seller/buyer ratio. They meet pairwise in the DM, with « the
probability a buyer meets a seller and «/n the probability a seller meets a buyer.

The period payoffs for buyers and sellers are

where ¢ is traded in the DM, x is the CM numeraire and ¢ is CM labor.” In the
original models, ¢(q) is a cost and u (¢) a utility function. In other applications,
u (q) is production function mapping ¢ into x (e.g., Shi 1999; Silveira and Wright
2010). In other applications, DM traders are financial institutions, like banks
trading Fed Funds (e.g., Koeppl et al. 2008; Afonso and Lagos 2015) or investors
trading assets (e.g., Lagos and Zhang 2015; Mattesini and Nosal 2016). While in
some contexts it is important to be precise about institutional details, here we keep
things abstract, so the theory applies to various decentralized markets.

Assume u (g) and c(q) are twice continuously differentiable with the usual
monotonicity and curvature properties. Also, let u(0) = ¢(0) = 0, assume there is
a ¢ > 0 such that u(q) = ¢(q) > 0, and define the efficient ¢ by «' (¢*) = ¢ (¢%).
There is a discount factor 5 = 1/(1+r), r > 0, between the CM and DM, while any
discounting between the DM and CM can be subsumed in the notation. We also
assume that x and ¢ are nonstorable, to hinder barter, and that agents are to some
degree anonymous in the DM, to hinder unsecured credit. As is well understood,
these frictions generate a role for assets in the facilitation of exchange.

For now, there are two assets that can serve in this capacity: money in supply

5Quasi-linearity in (1) simplifies things by making the distribution of assets for a given type
degenerate at the start of each DM. However, quasi-linearity can be relaxed in various ways
without changing the results, as discussed in the surveys cited in fn. 1,



A,y and bonds meant to represent T-bills in supply A,. Their CM prices are ¢,,
and ¢,. As a benchmark we use short-term real bonds issued in one CM that
yield a unit of numeraire in the next, but later consider nominal and long-term
bonds. The real value of money and bonds per buyer are z,, and z,. For money
Zm = OmApm; for real bonds z, = Ay; for nominal bonds 2, = ¢,,4; and for long
bonds z, = (¢, + ) A, where ¢ is the coupon. All assets can be used in some
transactions up to some limit. A simple way to describe this is to say that a given
seller accepts some assets but not others as media of exchange, as in Kiyotaki and
Wright (1989,1993).

However, that interpretation is too narrow. Consider instead deferred settle-
ment, as in Kiyotaki and Moore (1997). Thus, a buyer (borrower) in the DM
getting ¢ promises the seller payment in numeraire in the next CM, but due to
limited commitment he can renege. This leads to a role for assets as collateral in
secured credit. The usual interpretation is that if a borrower reneges his assets are
seized. This dissuades opportunistic default, and captures the way many assets
facilitate intertemporal exchange beyond serving as media of exchange in quid pro
quo transactions. We can also describe DM trade as repurchase agreements, where
a buyer getting g gives assets to a seller, who gives them back at prearranged terms
in the next CM.6

Models of secured credit typically allow only a fraction x,; € [0,1] of asset j
to be used, and we do the same. Section 4 shows how to endogenize x; using
private information; for now x,, and y, are exogenous fractions of A,, and A, that
can be used in DM transactions, with x; > 0 unless stated otherwise. In deferred
settlement, x, describes the haircut one takes when using bonds as collateral, often

motivated by saying defaulters can abscond with a fraction 1— x; of their holdings.

6Whether it is important to give back the same assets, or to prearrange the terms, merits
discussion, but the idea here is simply to suggest that repos are another realistic way that assets
facilitate trade, and T-bills are routinely used in this way by financial institutions. We are
proposing merely a flexible mapping between theory and institutions, not a “deep” theory of
repos (e.g., Vayanos and Weill 2008; Antinolfi et al. 2015; Gottardi et al. 2015).



For x,., equally plausible stories have sellers worried about counterfeiting, or,
thinking about money broadly to include demand deposits, bad checks. While
X; = 1 is a fine special case, there is no reason to impose that at this point.

Let «,, be the probability a random seller in the DM accepts only money, «
the probability he accepts only bonds, and asy the probability he accepts both.
Special cases include o, = ay = 0 (no one accepts bonds), a, = 0 (no one accepts
only bonds), and aj, = «,, = 0 (the assets are perfect substitutes). Notice a; and
X; capture liquidity on the extensive and intensive margin. As regards «y;, > 0, we
can easily imagine such situations — e.g., bonds are entries in a spreadsheet that
can be transferred electronically between spatially-separated counterparties, while
cash in your wallet cannot. In any case, while o, = 0 is a fine special case, there
is no reason to impose that at this point.

In stationarity equilibrium z,, = ¢,,A,, is constant and so the growth rate
of the money supply, 7, equals the inflation rate, ¢,,/dm 1 = 1 + 7, where +1
indicates next period. As usual we assume m > 3 — 1, but also consider the limit
m — [ — 1, which is the Friedman rule. Stationarity also implies z, is constant,
which means A, is constant for real bonds and B = A,/A,, is constant for nominal
bonds. These policy variables are set by a monetary-fiscal authority subject to a

consolidated budget constraint. With one-period real bonds, e.g., this is
G+T—7T¢mAm+Ab(1—¢b) :(), (2)

where G is government consumption, 7" is a lump-sum transfer, or tax if 7" < 0,
the third term is seigniorage, and the fourth is debt service. As discussed in fn. 2,
fiscal policy is passive, with T" adjusting to satisfy (2) given the other variables.
Let ¢y be the return on an illiquid nominal asset, defined by the Fisher equation
1+ = 14m) /B, where 1/8 = 1+ r is the return on an illiquid real asset. An
illiquid asset is one that cannot be traded in the DM. Thus, 1 + 1o denotes the

dollars in the next CM that make you willing to give up a dollar today, and 1 + r



denotes the x in the next CM that makes you willing to give up a unit today (and
as usual, these trades can be priced whether or not they occur in equilibrium).
For a real liquid bond, the nominal yield ¢, is the amount of cash you can get
in the next CM by investing a dollar in the asset today, 1 + tp = ¢m/PePm +1 =
(14 m) /¢p. Also, define the spread between the nominal yields on illiquid and
liquid bonds, s, = (10 — t) / (1 + ); this is the opportunity cost of the liquidity
services embodied in bonds. For symmetry, define s,, = (o — ) / (1 + t1) as the
spread between illiquid assets and currency, where ¢,, is interest on currency, which
is 0 as a benchmark, but ¢,, > 0 is considered in Section 5.2.

Since 1419 = (1 + 7) /3, the Friedman rule is equivalent to ¢o = 0. There is no
equilibrium with ¢y < 0, but ¢, < 0 is possible (see below). The usual policy studied
involves changing ty. We are more interested in OMQO’s that swap A, and A,, to
satisfy (2) within a period. Usually, we assume the change in A, is permanent,
with T covering future changes in debt service; later we consider changing A; for
just one period. Also note that we can think of the central bank targeting some
interest rate, which here can be the T-bill rate since, as shown below, any ¢, in
a range can be implemented with a unique A,. This captures actual policy well,
in a stylized way, and can be understood as (unanticipated) real-time changes:
there are no transitional dynamics, so this economy can jump from one stationary

equilibrium directly to another.

3 Equilibrium
3.1 Baseline: Short Real Bonds

A buyer’s DM state is his portfolio (z,,z2,), while what matters in the CM is
Z = Zpm+ 2. Let the CM and DM value functions be denoted W (2) and V' (2, 2s).
Then the CM problem is

W(z) = max {U(x) =0+ BV (in, %)} ste=z2+L+T —(1+7)2n — dp2 (3)

:E’Z)ém »%b



where Z; is the real value of asset j taken out of the CM, and the real wage is
w = 1 because we assume 1 unit of ¢ produces 1 unit of x (that is easy to relax).
Given > 0 and ¢ € [0, 1] are slack, the key FOC’s are 1 + 7m = SVi(Z,, %) and
op = BVa(Zm, 2p). The envelope condition is W’ (z) = 1, meaning W (z) is linear.
Sellers” CM value function (not shown) is similarly linear.

Letting p; denote payment in type-j meetings, and using W’ (z) = 1, we write

buyers’” DM value function as

V(Zm, 2) = W(Zm + 2) 4 cum[u(gim) — D] + as[u(gs) — o] + cau(ga) — pal.

The first term on the RHS is the continuation value from not trading; the rest
are the surpluses from different types of meetings. Payments are constrained by
pj < Dj, where p; is the buyer’s liquidity position in a type-j meeting: p,, = Xm2m,
Db = Xp2p and Do = XmzZm + Xp2p- Sellers” DM value function is similar, except their
surplus is p; — ¢(g¢;), and they are not constrained by their asset positions.

The terms of trade are determined by an abstract mechanism: to get ¢ you
must pay p = v (q). Kalai’s proportional bargaining solution, e.g., implies v (q) =
Oc(q) + (1 — ) u(q), where 0 is the buyer’s bargaining power. Nash bargaining
is similar, but messier if p; < p; binds. We can even use Walrasian (marginal
cost) pricing — e.g., when c(q) = ¢ that is given by v (q) = ¢q. However, other
than v (0) = 0 and v’ (¢) > 0, all we need for now is this: Let p* = v (¢*) be the
payment that gets the efficient ¢g. Then p* < p; = p; = p* and ¢; = ¢*, while
p* > p; = p; = p; and ¢; = v~ (p;). This holds the above examples and many
others, and can also be derived axiomatically (Gu and Wright 2016).

As usual, 1y > 0 implies buyers cash out — i.e., spend all the money they can —
in type-m meetings and are still constrained: p,, = Xmzm < p*. Also, they may as
well cash out in type-2 meetings before using bonds, since in these meetings both
parties are indifferent between z,, and z,. Buyers use all the bonds they can in

type-2 meetings iff po < p*, and in type-b meetings iff p, < p*. It is obvious that



P2 > Dy, leaving three possibilities: 1. ps < p* and p, < p* (buyers are constrained
in all meetings); 2. ps > p* and p, < p* (they are constrained in type-b but not

type-2 meetings); or 3. py > p* and p, > p* (they are not constrained in type-b or

type-2 meetings). We now consider each case in turn.”

In Case 1 (buyers are always constrained), q = (¢m, g, g2) solves

V(Gm) = XmZms v (@) = o5 and v (¢2) = XmZm + Xo5b- (4)

Differentiating V'(z,, 2,) using (4) and inserting the results into the FOC’s from
the CM, we get the Euler equations

I+7m= 6 [1 + ame)‘ (Qm) + a2Xm)‘ (q2)] (5)

op = B [1+ apxpA (@) + a2xpA (2)] 5 (6)

where A (g;) =« (g;) /v’ (¢;) — 1 is the liquidity premium in a type-j meeting, i.e.,

the Lagrange multiplier on p; < p;. Using s,, and sy,

SM/Xm = Oém)‘<Qm) + 052)‘((]2) (7)

su/Xo = A (@) + a2 (q2), (8)

where s,, = ¢ when ¢,, = 0, but we use s,, to emphasize the symmetry.

Recall that 14 ¢, = (1 + ) /¢». Hence (5)-(6) immediately imply

A XmA(@m) — XA (@) + (Xm — Xb)2A(2) (9)
L+ apxpA(gs) + a2xpA(g2)

Ly =

From (9), even before defining equilibrium, we have this result:

"In what follows we assume monetary equilibrium exists. It is standard to show a,, > 0
implies it exists iff 1o < 7p, and a,;, = 0 implies it exists iff as > 0, xpAp < p* and 1y < . Note
To and iy may be finite, as with Kalai bargaininig, or infinite, as with Nash bargaining.

8Intuitively, the LHS of (7) is the marginal cost of holding cash, adjusted for pledgeability,
while the RHS is the benefit: with probability a.,, a buyer is in a situation where relaxing the
constraint p,, < P, is worth (g, ), and with probability as he is in a situation where relaxing
p2 < Po is worth A(g2). Condition (8) is similar with s;, the marginal cost of bond liquidity.



Proposition 1 If a, = ay = 0 or xp = 0 then v, = apXxmA(@m) = o > 0;
in general we can have 1, < 1y and even v, < 0. As special cases, am\(qm) =

apA(qy) =ty < 0 iff Xp > Xm, and Xom = Xp = b < 0 iff apA(qy) > amA(gm)-

Consider the first special case in Proposition 1, where anA(gn) = apA(q),
which includes the case a, = «,, = 0 where if one asset is accepted then so is
the other. Then 1, < 0 if bonds are more pledgeable, x; > x,,.- In the second
special case, 1, < 0 if they are equally pledgeable but bonds have a higher liquidity
premium, either because a;, > «,, (they can be used more often) or A(g,) > A(¢m)
(when they can be used they are very valuable). Importantly, we can get negative
nominal rates without violating no-arbitrage conditions: while any agent can issue
bonds — i.e., borrow in the CM — he cannot exploit ¢, < 0 if his liabilities are not
liquid in the DM.?

Formally, in Case 1, a stationary monetary equilibrium is a list (q, z,,, sp) solv-
ing (4), (7) and (8) with 2, > 0. Notice the asymmetry between assets: for money,
policy sets the spread s,, = g, given ¢,, = 0, and the market determines z,,; for
bonds, policy sets 2, and the market determines s;.'° Also notice that equilibrium

is recursive: First use (4) to rewrite (7) as

Sm/Xm = amL (szm) + 042L (szm + szb> 3 (10)

9 As regards practical relevance, consider The Economist (July 14, 2014): “Not all Treasury
securities are equal; some are more attractive for repo financing than others. With less liquidity
in the market, those desirable Treasuries can be hard to find: some short-term debt can trade
on a negative yield because they are so sought after.” Or the Swiss National Bank (2013): “The
increased importance of these securities is reflected in the trades on the interbank repo market
which were concluded at negative repo rates.” Our theory does not have all the institutional
details, but in an abstract way this is what is going on: agents are willing to accept negative
nominal yields on A, if it has an advantage in some transactions. Relatedly, when cash is subject
to theft, nominal rates can be negative without violating no-arbitrage if issuers must incur costs
to guarantee their liabilities will be safe, travellers’ checks being a leading example (e.g., He et
al. 2008). Here liquidity takes over for safety, but they are related: Section 4 shows yxp > X iff
bonds are harder to counterfeit than cash.

10Gaying the market determines s, is equivalent to saying it determines ¢ or i;. Also, to be
clear, policy determines g due to the Fisher equation 1+ ¢y = (1 + 7) (1 + r), since the central
bank controls 7 (money growth, or inflation, in stationarity equilibrium); market forces are still
relevant for r, of course, but here this means 1 +r =1/43.

10



where L () = Aowv™ ' (:). Under standard conditions a solution 2, > 0 to (10)
exists, is generically unique, and entails L' (-) < 0 (e.g., see Gu and Wright 2016).
Given z,,, (4) determines q; and finally, (8) determines sj.

To discuss policy, first note that level increases in A,, reduce ¢,, to leave
Zm = OmA,, the same. This classical neutrality, or quantity theory, result is
immediate from (10), which solves for z,, independent of A,,. Next note the usual
negative effect of higher nominal interest (or inlfation or money growth) rates on
real balances, 0z,,/0y = 1/Dp < 0, with Dr = a,, X2 L), + asx? Ly < 0, where
L = L' (Xm#zm) and similarly for L} or Lj. Also,

a m m a a m

Hm . Xim g G g 992 Xm
JdLg vl Dpr L Oy vhDp

Osp _ aaxmXely 0 Oy _ zooxmXoly
8L0 Dg 8L0 Dg

Ow _ amLi, +as[1— (14 w)xe/Xm| L5 _ 0
o (1 + sp) (L, + o Lly) <

where v/, = v’ (¢,,,) and similarly for v} or v;. As usual in the paper, these results
are for generic parameters; there are special cases where they fail — e.g., as = 0
implies 0s;,/0tg = O¢p,/Ig = 0, but any as > 0 implies s, and ¢, rise with ¢y as
agents try to substitution out of cash and into bonds. The only ambiguous effect
is Ouy/ 0o, naturally, due to tension between the Fisher and Mundell effects.!!
Now consider the main policy of interest, OMO’s. Suppose A, rises via central
bank bond sales with the cash receipts retired. Given we sterilize future fiscal
implications using 7', the real effect is the same as raising A, keeping A,, fixed,

because A,, is neutral. Therefore we have

m L 0 0 mXo L,
Ofm _ Q2Xb 2 <, qb:&>0and 42 AmXblyy,

= = > 0.
6141, U;nDR (9141) ’Ué 8Ab ’UéDpL

' The Fisher effect says that, because agents only care about real returns, nominal rates move
one-for-one with inflation, but as our results show, this is valid for illiquid and not liquid assets
(e.g., it is obviously not valid for currency). The Mundell effect says that, because money and
bonds are substitutes in one’s portfolio, an increase in ¢y gives one an incentive to move out of
cash and into bonds, which raises bonds’ prices and lowers their returns.

11



Intuitively, higher A, decreases z,, and ¢,, because it makes liquidity less scarce
in type-2 meetings, so agents economize on cash, but that comes back to haunt
them in type-m meetings. Because of this, the net impact of A, on total DM
output is ambiguous. One can check ds,/0A, < 0, d¢,/0A, < 0 and Ju, /DA, > 0.
This last result, di,/0A, > 0, means there is an invertible mapping between the
T-bill supply and yield, and so, as mentioned above, the central bank can set A,
to achieve any ¢, within certain bounds.

This completes Case 1. In Case 2, increasing A; does not affect z,,, ¢,, or ¢z, but
increases ¢, and ¢, and decreases s,. For Case 3, with ¢, = ¢2 = ¢*, bonds provide
no liquidity at the margin, so changing A, affects nothing of interest. Which case
obtains? If bonds are abundant, in the sense that A, > A; = v (¢*) /xs, it is Case
3. Otherwise there is an A7 < A}, that depends on ¢, such that A} < A, < A;
implies Case 2 and A, < Aj implies Case 1. While we need not take a stand on this,
in the sense that the theory can handle all three possibilities, many people argue
that in reality there is a scarcity of high-quality liquid assets, which corresponds

to Case 1.!2 In any event, we summarize as follows:

Proposition 2 Consider an OMO that injects A,,. If Ay < A7, then q2 and g
decrease with v, while s, and q,, increase. If Ay < A, < A} then v, and q, decrease,
sy increases, while q,, and q» stay the same. If A, > Aj then these variables all

stay the same.

In Fig. 1, an OMO injecting A,,, moves us from right to left, going from Case 3
to Case 2 to Case 1. Again, the real effects are due to decreasing A;, not increasing
A,,, which is neutral. Yet notice something: in Case 1 z,, increases, so ¢,, does
not not go up as much as A,,, giving an appearance of stickiness. Heuristically,
this is because the demand for z,, increases when bonds get more scarce. One

might mistake this for a failure of the quantity equation; that would be wrong,

12See, e.g., BIS (2001), Caballero and Krishnamurphy (2006), IMF (2012), Gorton and Ordonez
(2013), or Andolfatto and Williamson (2015).

12



since cash injections by lump-sum transfer keep ¢,,A,, the same. Hence, it is
not easy to test neutrality by looking at changes in A,, without conditioning on
how they are engineered. One might conjecture that there is a way to resurrect
a quantity equation for OMO’s by saying that nominal prices are proportional to
some aggregate of A,, and A,; that would be wrong, too, because while money
and bonds are substitutes, in general, they are not perfect substitutes.

A related idea is that to test the Fisher Equation one should not look at the
effect of m on 1, because theory actually predicts it is nonmonotone. In examples
tp increases with m when 7 is low or high, but decreases when 7 is in between.
This nonmonotonicity arises because inflation tends to raise nominal returns for a
given real return, by the Fisher effect, but also tends to lower real returns, by the
Mundell effect. To test the Fisher Equation one should not compare 7 and ¢, but
7 and ¢y where (¢ is the nominal rate on an illiquid asset, which may be hard to
find empirically, as in practice most assets have some degree of liquidity.

This is the New Monetarist anatomy of an OMO.'? In what follows we check
robustness with respect to several details. But, before that, it seems incumbent
upon us to acknowledge that one can get similar results by putting assets in utility
functions — just take V (A,,, Ay) as a primitive — as if assets were apples. But
unlike apples, assets are valued for their liquidity, which is not a primitive like the
utility of eating an apple. Now, some assets are somewhat like apples — e.g., apple
trees — but if they are also valued for liquidity, that should be modeled explicitly.
One reason to do so is that taking V' (A4,,, 4p) as exogenous imposes no discipline
as to when demand is satiated, while here the A7 and A} at which A (¢2) and A (gs)
hit 0 are equilibrium outcomes. Another reason is that liquidity depends on policy,
but it is hard to know how without deriving actually V' (A,,, A;). For these and

other reasons, we say asset valuations should be endogenous.

13Some other effects are presented in an Online Appendix, e.g., changes in the a’s and x’s,
which can be interpreted as financial innovation. While none of these are especially surprising,
what might be surprising is that the results are so sharp, with ambiguity only when it makes
economic sense, as with the tension between the Fisher and Mundell effects.
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3.2 Nominal or Long Bonds

Consider nominal bonds, paying 1 dollar in the next CM. Assume A, and A,, grow
at the same rate, so B = Ay /A, Zm = dmA,, and 2z, = Bz, are stationary. As in

the benchmark model, in Case 1, 0z,,/0tp = 1/Dy where Dy < 0. Also,

On _ X _o O _ BY g0 xntBu
Ol vl Dy 0w v, Dy Oty v5D N

The only qualitative difference is that 1o now affects ¢,. For OMO’s that change
B, we have 0z,,/0B = —aaXmXpzmLy/Dy < 0, and

Ogm — xCLy <0 Ogy _ C(amls, + asly) -0, g anCLs,

—dm = = >0
8B ?J;nDN ’ (‘9B ’UII]DN aB ’U,QDN

where C' > 0. We can also derive effects on ¢,, consider Cases 2 or 3, etc. Since
the results are similar to Section 3.1, we revert to real bonds below.!4

Now consider long-term bonds, say consols paying ¢ in CM numeraire in per-
petuity. Then z, = (¢, + d) A, is endogenous due to the bond’s resaleability in the

CM. In Case 1, the Euler equations for money and bonds are

10 = QX L(Xm#m) + @2 Xm L(XomZm + X62) (11)
O(l+m)A
r = (z—” + apxpsL(xp2p) + a2Xo L(Xmzm + Xo2b)- (12)
b

The Online Appendix shows the effects of 1o and A, are qualitatively similar to
the benchmark model, and so we revert to short bonds in what follows. However,
it is useful to first consider (11)-(12) in (2, 25) space, shown as the FM and EB
curves in the upper panels of Fig. 2. One can show they cross uniquely.

For comparison, the bottom panels show the situation with one-period bonds.
In the lower right, £’ B shifts down after an increase in A,,, and since z,, increases,

prices rise less than A,,. The upper right, with long bonds, is similar but has

1 Pirst we clarify a point: An increase in A,, reduces ¢,,, so if the nominal bond supply is
constant ¢,, A falls. In this sense money is not neutral, but that’s like saying money is not
neutral when there are fixed nominal taxes — it’s true, but not especially remarkable.
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additional multiplier effects.'® We summarize as follows:

Proposition 3 With nominal or long bonds the results similar, except qy/0ty # 0

with nominal bonds and there are additional multiplier effects with long bonds.

3.3 Temporary OMO’s

In the baseline model OMOQO’s permanently change A, and A,,. Suppose instead
we inject A,, by buying A, at ¢, but do not renew the operation at t + 1, so A4,,
and A, revert to their previous paths. Then the rise in A,, at t is not neutral,
different from the baseline experiment, because the one-time fall in A,, at ¢t + 1 is
known at t.!6 A one-time OMO in the CM at ¢ changes A, and A,, in the DM at
t + 1 according to ¢y AAp 11 = —Pm 1 AAy 141, OF

AAy = —(1+ thp11) Pt 1 Al 41 (13)

This holds for permanent OMO’s, too, but now ¢y, 11 is the equilibrium value
after AA,, has been reversed, so 0z,,/0A, = —(1+1,)"*, and note we do not need
to know 0Ju,/0 A, to evaluate this, due to (13).

Now the effects on DM trade are given by

Oqm — XmOzm _ —(1+u)"'Xm

== = 0
oA, o OA, o <
gy _Xb
g2 _ XmOzm/OAp + Xb _ —(1+ 1) Xm + X0
DA, vl v '

5By multiplier effects we mean this: After A, falls, ¢, rises because bonds are more scarce,
which partially offsets the impact, but on net z, falls. As with short bonds, lower z, raises z,
as agents try to substitute across assets, but now higher z,, makes lower z; not as bad, so the
demand for and price of bonds fall, and z, falls further. That leads to an additional rise in z,,
an additional fall in z, etc.

Y6 This is like Gu et al. (2017), where it is known at ¢ that A,, will change at t’ > ¢, implying
a complicated transition path where neutrality applies only in the long run. Here ¢/ =t + 1, so
the effects last just one period. The intuition is that buyers have more cash at ¢, but prices do
not rise to neutralize this because sellers evaluate it using ¢;41, after A,, goes back down.
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Thus, injecting cash with a temporary OMO increases ¢,, and decreases g, while
the effect on ¢, is ambiguous. If «,, = a = 0, e.g., then ¢, = 0 and dgy/0A, > 0
iff x5 > xm. Alternatively, if a,,,a, > 0 and x,, = x» = 1 then one can check
0q2/0A, < 0 if apA(gm) < apA(qp), which is true when Ay is small. In any case,
the model nicely accommodates temporary OMO’s, where money is not neutral
due to the ‘announcement effect’ of reversing the change in A,, next period. Given

this is understood, we revert to permanent OMQO’s in what follows.

3.4 A Liquidity Trap

As Keynes (1936) put it: “after the rate of interest has fallen to a certain level,
liquidity-preference may become virtually absolute in the sense that almost every-
one prefers cash to holding a debt which yields so low a rate of interest. In this
event the monetary authority would have lost effective control over the rate of
interest.” This is a liquidity trap. It does not correspond to A, > Ay in Fig.1,
where ¢, is at its upper bound — that’s a liquidity glut. We now describe a trap,
where 1, and output are at their lower bounds.

For this exercise we add heterogeneity: type-m buyers use only money — i.e.,
for them a,,, > 0 = a;, = as — while type-2 buyers use money and bonds as perfect
substitutes — i.e., for them oy > 0 = «a,, = a;. One can think of type-m as
households that use only cash, and type-2 as financial institutions that can use
cash or bonds. Because of type-m, money will be valued even when A, is big,

which is not true with only type-2. Now, if type-2 choose Z,,, 2, > 0, then

147 = 811+ aoxmAae)] and ¢, = B[1 + asxoMae)] (14)

Moreover, given «,, = a;, = 0 for type-2, (9) implies as a special case that the
lower bound for ¢, is ts = to (Xm — X») / (Xm + toxs). Thus, when 2,2, > 0 for
type-2, 1 is at its lower bound and independent of A,.

In Fig. 3, if A, > A; then type-2 hold no cash since they can get ¢* with bonds,
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so a marginal change in A, has no effect. If A, < 4, < A} then type-2 do not get
q* but get close enough that it is not worth topping up bond liquidity with cash,
so changes in A, matter. If A, < A, then type-2 hold bonds plus cash, but their
total liquidity is independent of A, since, at the margin, it’s money that matters.
This is a liquidity trap: changes in A; induce changes in real balances to leave total
liquidity the same, with ¢, and q stuck at their lower bounds. A general lesson
is this: asset swaps that raise A,, and lower A, do not increase liquidity, but are

either neutral or make things worse; the way out of the trap is to raise A;.!7

Proposition 4 For A, < Ay, changes in Ay crowd out 2, to leave total liquidity,

w and q the same. For A, > Ay, changes in A, matter until we reach Aj.

4 Endogenous Liquidity

We now endogenize «; and x; using information frictions — i.e., recognizability — a
notion going back at least to Law, Jevons and Menger (see the surveys in fn.1).
One interpretation concerns counterfeiting, which is relevant even if it does not
occur in equilibrium, as a threat of counterfeiting still impinges on liquidity. With

a broad view of money, this may include bad checks or hacked payment cards.

4.1 Acceptability

As in Lester et al. (2012), suppose some sellers cannot distinguish high- from low-
quality versions of certain assets, and low-quality assets can be produced on the
spot for free. We assume low quality assets have 0 value (Nosal and Wallace 2007),
although this can be relaxed (Li and Rocheteau 2011). Then sellers unable to
recognize the quality of an asset reject it outright — if they were to accept it buyers

would just hand over worthless paper. Here we set y; = 1 and use Kalai bargaining,

!"Note that the above demonstration concerns the special but (for some applications) realistic
case ap = 0; if ap > 0 then lowering A, in a liquidity trap is even worse.
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for simplicity, and assume all sellers recognize A,, in the DM, but to recognize A,
they must pay an individual-specific cost with F' (k) denoting its CDF.
Let ny be the measure of sellers that pay x and hence accept bonds. The

marginal seller is one with x = A, where

A=a(l—10)[u(g) - c(g) — ulgm) + c(gm)] (15)

is the increase in profit from being informed. Equilibrium solves ny = F'(A), with
A = A (z,) because q depends on z,,. In Fig.4, ny = F o A(z,,) defines a curve
in (ng, z,) space called I A for information acquisition. It slopes down and shifts
right with A,. Also, the Euler equation for z,, defines a curve called RB for real
balances. It slopes down, and shifts down with A, or ¢g. Equilibrium is where the
curves cross. As Fig. 4 shows, RB can cut I A from below or above.

In equilibrium ny = Fo Aoz, (ny) = T (ny).'* We can have ny = 0, ny = 1 or
0 < ng < 1, and it is easy to check that it iis easy to get multiplicity, as one should
expect when payments methods are endogenous (Kiyotaki and Wright 1989). Intu-
itively, higher ny decreases z,,, since it makes buyers less likely to encounter sellers
that take only cash; then lower z,, raises the profitability of recognizing bonds;
and that increases the measure of sellers investing in information.

Despite multiplicity, the model has sharp predictions conditional on the type

of equilibrium. Using ‘z « 3’ to mean ‘x and y take the same sign,” we have

0%m avl noNo+a (1 —0) F' (uh — d3) (Aa — \n)]

a_Ab = — D, « D,

Ogm _ amaNo+a(l=0)F (us—c5) (A — An)] D

8141, TLDa e

g2 af(n —n)Nm + (1 —=0) F' (u'n — ) (A2 — An)] D

0A, nD, “
Ong  aa(l—0)F' [(n—ng) (us— o) N, + 1 (uy, — m) Ny D
8Ab nDa o o

180ne can show YT : [0,1] — [0,1] is increasing (this is where Kalai bargaining is helpful).
Hence, existence follows by Tarski’s theorem even if F (-) is not continuous, as when there is a
mass of sellers at the same x. Having T increasing also makes multiplicity natural.
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where D, = o (1 —0) (X\y — A\ (¢, uy — chul ) F' + an, N vh + anyAyv's. Note
D, < 0iff RB cuts I A from below, so the results alternate across equilibria.

In Fig. 4, if D, < 0, as at point a, an OMO that injects currency shifts RB up
and A left, increasing z,, and decreasing ny; if D, > 0 the effects are reversed.
There is no compelling reason to select one type of equilibrium, and indeed, it is
not hard to have a unique equilibrium of one type or the other. So to make policy
predictions, we need to know the parameters plus the type of equilibrium — difficult

in practice, but inescapable in theory when liquidity is endogenous.

Proposition 5 With endogenous o’s, monetary equilibrium is not generally unique.
The effects of policy depend on the configuration in Fig. 4, but given that, they are

precisely determined.

4.2 Pledgeability

Now as in Rocheteau (2011) or Li et al. (2012), assume that to produce low-quality
assets agents must pay costs proportional to their values: for money the cost is
Ym®m; and for bonds it is 7. Also, all sellers are uninformed, and fraudulent
assets are produced in the CM before visiting the DM. As is standard in signaling
models, here we use bargaining with # = 1, and as a first pass let as > 0 = a,,, = .
Hence, for now, there is only one type of meeting, but we still must distinguish
payments made in money and bonds, say d,, and d, for incentive reasons.

The incentive conditions for d,, and d; are:

<¢m,71 - B¢m) Qm + 5052¢mdm < 7m¢mam (16)
(¢o,—1 — B) ap + Bazdy < Ypas. (17)

The intuition is clear: The RHS of (16) is the cost of counterfeiting a,,; the LHS is
the cost of acquiring a,, genuine dollars (¢, —1 — B¢ )am, plus the cost of trading

away d,, with probability as. Sellers can believe a,, is genuine since, after all, who
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would spend $20 to make a phony $10 bill? DM trade now has multiple constraints:
bargaining implies ¢(q2) = ¢md,, + dp; feasibility implies ¢,,d,,, < 2, and dp < 2y
and (16)-(17) imply d; < x,z; where

(18)

The outcome, or regime, depends on which constraint binds. Consider first the

regime X, X» € (0,1). Then (7)-(8) reduce to

Bio = (Ym — Bro) Mg2) and Bsy = (1 — Bsp) AM(g2)- (19)

The first condition yields ¢a, then s, = toy/7Ym and xo = Yo (Y — Bto) /25Ym.
This regime is consistent with equilibrium iff v, > B, ¥m < 5 (1o + a2) and
Y < BasYm/ (Ym — Bo)-'? Similarly, consider next x,, = 1 and y; € [0,1). Then
Lo = agA(q2) and s, = (7, — Bsp) A(g2), and this is consistent with equilibrium iff
Ym > B (to + a2) > 7. Other regimes are similar, and it is not hard to show where
each is an equilibrium in parameter space (Rocheteau et al.2014).

The above results are easy because A,, and A, are perfect substitutes, but then
OMO’s are irrelevant. To change that, let «v,,, > 0, and consider the natural regime

where x,, =1 and x; € (0,1). The equilibrium conditions reduce to

to = amL (2m) + oL (2 + Xb2b) (20)

Yo/ B = caxp [1+ L (2m + Xp2)] , (21)

defining two curves in (x, z,,) space labeled RB and IC in Fig. 5. While RB slopes
down, IC can be nonmonotone, since its slope s proportional to © = 14 Lo+ X325 L.
It is not hard to get multiplicity — intuitively, if y; is low then g, is low and s, is
high, which gives a big incentive to create fraudulent bonds, and so x; is low.

The results now depend on D, = (14 Lg) (L', + a2Lhy) + auxpzpLb L.

YTn this regime tp, = (Ym — 75) to/ (Ym + Ysto), and so 1o < 0 iff A, is easier to counterfeit
than A,. This goes a level deeper than Proposition 1, and is arguably realistic.
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Notice © > 0 implies D, < 0, so there are three relevant configurations: (i) © > 0
implies IC' is upward sloping and cuts RB from below, as at point a in the left
panel of Fig.5; © < 0 implies /C is downward sloping and either (ii) cuts RB
from below, as at e in the right panel, or (iii) cuts it from above, as at point ¢ or
g. An increase in (g shifts RB down. This implies 0z,,/0ty = ©/D, > 0 when
© < 0, as in the move from e to f, or can imply 0z,,/0ty < 0, as in the other
cases. Similarly, dx;/0tp = D, depends on the configuration of RB and IC.

In terms of OMOQ’s, we have these results:

Ozm _a%xb (L+A2) v, Ay Om _ochb (L+X) Ay

= ~D, — = ~ D
aAb Do 7 aAb Do °
g amasxp (1+X2) A, D My am@axpAL Ay D
0A, D, 704, D, -

Also, 0s,/0Ay ~ D,, 0¢p/0A, ~ D, and 01,/0A, ~ —D,. So OMO’s affect
pledgeability endogenously, but the sign depends on the equilibrium. As in Section

4.1, this may be unfortunate in practice, but it’s hard to avoid in theory.

Proposition 6 With endogenous x’s, monetary equilibrium is not generally unique.
The effects of policy depend on the configuration of IC' and RB in Fig. 5, but given

that, they are precisely determined.

5 Extensions

5.1 Directed Search

Directed search allows buyers to choose to trade with sellers that accept different
payment methods.?? Suppose there are two types of sellers: a measure n,, accept
A,,; a measure ny accept A, and A,. For now, fix n,,, no =1 —n,, and x; = 1.

Define submarket j as the set of type-j sellers and the set of buyers searching for

20The presentation here is brief, but Wright et al. (2017) provide a survey of the relevant
directed search theory. Note that in many models directed search is only interesting if prices are
posted, rather than bargained; that is not true here since buyers can direct their search to sellers
accepting different payment methods, not only to those posting different prices.
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them, with measure p;, where SM denotes the submarket where A,, is accepted
and S2 the one where A,, and A, are accepted. Assume p,, + g2 = p is not too
large, so all buyers participate, and let 0; = n;/u;. As usual, the probability a
buyer meets a seller in submarket j is a (o), and the probability a seller meets
a buyer is « (0;) /o;, with a (n) satisfying standard conditions. We first consider
(Kalai) bargaining; then consider posting.

Buyers going to SM take 2z’ > 0 and Z;' = 0, and those going to S2 take
22 = Ay/pue > 0 and 22 > 0. Then 2™ = v(q,,) and 22 + 22, > v(qs), where the
latter holds with equality iff ¢» < ¢*. Given go < ¢*, we can have 22, = 0 or 22, > 0,
with ¢y > s, in the former case and 1y = s, in the latter. Since buyers now meet

only one type of seller, as opposed to meeting a type at random,
to = a(0m)A(qm) and s, = a(02)A(g2). (22)

If SM and S§2 are both open, buyers must be indifferent between them,
a(om) [u(gm) = v(gn)] — tozy = a(02) [u(g2) — v(g2)] — s (23)
Therefore, since the total measure of buyers is u,
Nn)Om + N2 /09 = L. (24)

In equilibrium (g;, 0}, sp) solves (22)-(24). Again there are three regimes: bonds
are scarce, so type-2 carry cash; bonds are less scarce, so type-2 carry no cash even
though ¢2 < ¢*; bonds are plentiful, so type-2 need no cash since g = ¢*. Fig.6
shows the results, where again OMQ’s are neutral when A, is below A, or above Aj,
but not in between. A difference from random search that we consider important is
this: now o3 and o, depend on Ay, since tightness is endogenous, so if A; increases
buyers in SM get better terms and a higher probability of trade, even though A,

is not actually used in SM. Otherwise, the results are similar.
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Now supposes sellers post the terms of trade. As is standard, the same results
emerge if market makers set up submarkets with posted terms to attract traders,
who then meet bilaterally, as above. Using this solution method, we have market
makers in the CM post (g;, 27, 25, ;) for the next DM. The problem for a market
maker considering a submarket of type SM is

Ub(10,11,,) = max {a (o) [u(q) — 2] — to2m} st

q4,2m,0 g

B
3
|
)
—
)
=
I

II,,, (25)

which maximizes buyers’ surplus given sellers get II,,, which is determined in
equilibrium but taken as given in this problem. Generically (25) has a unique
solution, so all type-m submarkets are the same.

To solve (25), eliminate Z,, and take FOC’s wrt ¢, and o, to get

1= (26)
nm{H—‘O “‘5("”}, (27)

a(o)

Q\
—~
)
N
B
—
K
~
I
O
—~

Q
=
I

where ¢ (o) = 0d/ (0) /a (o) € (0,1). S2is similar, with ¢ replaced by s, and
I1,, by II,. Here, to ease the exposition, consider the matching function a(c) =
min{1,0} (the Online Appendix proceeds more generally). Without going into
detail, the outcome looks like Fig. 3 instead of Fig. 6, due to the special matching
technology, but again agents choose which submarket to visit and which assets to
bring. As in Section 4.1, we can also make sellers pay a cost k to recognize bonds
and participate in S2. Importantly, all these choices depend on policy, which is

not true in models with exogenous market segmentation or CIA constraints.

5.2 Interest on Money or Reserves

We now revert to random search and bargaining for an application suggested by
the editor, where money pays interest, in dollars, at rate ¢,,. The simplest case

follows Andolfatto (2010) or Bajaj et al. (2017), but later we generalize this by
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splitting money into currency plus reserves. If z,, = ¢, A (1 + tp), 25 = Ay and

Z = Zm + 2p, the CM problem is

W(2) = max {U(x) = (+BV (5, 2)} sto—z4 04T — T

Ay Zm — ¢bzb7
xl,2m, 2 1 lm

where the cost in numeraire of having Z,, in the next DM is (1 +7) /(1 + tp).
The key FOC’s are (1 +7) /(1 + ty,) = V1 (2, 2) and ¢y, = Va2 (2, 2,). The DM
value function and the bargaining conditions are the same Section 3.1.

In the case where p; < p; always binds, the usual methods lead to

Sm/Xm = O‘m)‘(Qm) + a2)‘(QQ) (28)

Sv/Xb = wA(qp) + a2 A (g2), (29)

which are like (7)-(8), except now s,, = (to — tm) / (1 + i) is determined by two
policy instruments, ¢y and ¢,,, while again s, = (1o — ¢) / (1 + ¢5) is determined by

the market given that policy sets A,. As in the baseline model, (29) reduces to

Sm/Xm = osz(XmZm) + O‘2L<szm + szb)' (30)

As usual, this determines z,,; bargaining determines q; and (29) determines s;.
Note that (30), and hence all real variables, are again independent of A,,, which
merely determines the nominal price level from z,, = ¢, A, (1 + ¢,,). This is clas-
sical neutrality generalized to ¢,, # 0. However, ¢,, depends on the policy variable
Lm, and a change in ¢,, holding ¢o fixed has real effects because it changes s,,; still,
a change in ¢, with an offsetting change in ¢y that keeps s,, the same is neutral.
Moreover, as A,, is neutral, again OMQ’s are effectively described by changing A,
and the results are identical to the baseline model. This may be counterintuitive
because interest-bearing money seems similar to bonds. The difference is this: for
A, the real supply z,, is endogenous and while ¢, is exogenous; for Ay, the real

supply z, is exogenous and ¢, is endogenous.
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Now decompose the monetary base A,, into currency plus reserves, where the
latter pays interest ¢, and the former pays interest i., which is typically 0 but
we do not need that yet. In the CM, the central bank stands ready to convert
currency into reserves, and vice versa, at par, so they have the same price ¢,,.
There are three spreads, s. = (1o —tc) / (1 4+ te), sr = (Lo — tr) / (1 4+ ¢,) and s, =
(to — ) / (1 4 tp), where the first two are determined by policy, while the third is
determined by the market, as in the baseline model. Let «, be the probability of
meeting a seller that takes only asset a, let a,, be probability of meeting one that
takes a and o, and let a3 be the probability of meeting one that takes all assets.

If the constraints always bind, q solves

U(Qc) = XcZey U (ch) = XcZe + XrZry - U (Q3) = XeZe + Xr2r + + X020, (31)

We again emulate the approach from the baseline to get the Euler equations,

SC/XC = ac/\<QC) + Oécb)\(QCb) + O‘cr)\(qcr) + 043)\(613) (32)
Sr/Xr - a'I‘A(Q'I‘) + arc/\(QTc) + arbA(qrb) + ()53)\((]3) (33)
55/ X6 = A(qs) + aapA(qe) + pA(gre) + s\ (g3). (34)

Equilibrium is a list (q, 2., 2, s) solving (31)-(34). The usual method implies

Sc/Xc = Oéch + achcb + acrLcr + O{3L3 (35)

S’!’/X’!’ = a’I‘L’!‘ + aTchc + arerb + O[3L3, (36)

where L. = L(xc2), Ly = L(Xcze + Xp20), etc. While we now have two endoge-
nous balances (z., z,), instead of the single z,,, the economics is similar: (35)-
(36) jointly determine (z.,z.); then (31) yields q; and (34) yields s,. Notice
(ze, 2r) is independent of A,,, which determines only the nominal price level by
OmAm = 2¢/ (1 + tc) + 2,/ (1 4 1), which is another generalization of classical neu-

trality. Again, OMO’s are the same as changing Ay.

25



The Online Appendix gives more detail, but let us highlight a few results. From
(35)-(36) we have

820 —Xb
A - D, e L (e Ly — ap L) + Ly (o Ll + asLy + app L) + ceas Ll L]
0z, —

L—, (e L (ap Ly — aaLly) + app Ly (e L + as Ly + ag L) + aeas L LY
814{, Xng

where D, > 0. These are unambiguous iff we add some restrictions. If a,, L], = 0,
e.g., which means that no one accepts reserves and bonds but not currency, then
0z./0A, < 0. Similarly, if oL, = 0, e.g., then 0z,./0A, < 0. Hence, under
reasonable restrictions, increasing Ay lowers the endogenous liquidity embodied in
both currency and reserves.?! In general, if y. > X, e.g., in the natural specifica-
tion x. = 1, increasing A, must lower at least one of them, since then

ik < b,

—Xb
XDy

[ Ly (o Ll + a3 Ly + a L)) + caz L L]

+—- lam Ly (aele + asly + ag L) + acasLeLy] < 0.

As regards the effects of A, on q, we have dq./0A;, ~ 0z./0A, and Jq,. /DA, ~
0z,/0A. For the rest, obviously dq,/0A, > 0, and the Online Appendix shows

OGer 0qep gy dqs
<0 >0 >0 = 0.
04y ~ 0A, T T 0A, T OAys =

Only the last is ambiguous, but the above restrictions that deliver 0z./0A, < 0
and 0z,./0A, < 0 also imply dgqz/0A, > 0.
The Online Appendix also derives the impact of ¢,,

0z. (14 o)(aer L., + asLh)

= <0
Oty XeXrDg(1 4 1,)?
0z, (14 wo)(aer L, + aaLll, + oLl + asLh)

- _ > 0.
o X2Dy(1 + ¢,.)?

2L A special case of these restrictions is this: for each asset a, there is a type-a meeting where
only it is accepted, plus type-3 meetings, and no other meetings.
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Hence, higher interest on reserves naturally implies the monetary base shifts to

more z, and less z.. The effects on q are:

aQC aQT aQb ach 8QCb aqu
<0 >0 =0 >0 <0
" O, " O, " O, ’

8(]3
>0 >0
oLy " Oty

oL, " O, '

Remarkably, these are all unambiguous. However, since higher ¢, raises ¢ in some
trades and lowers ¢ in others, the net effect is unclear.??

One can also expand the set of assets to include physical capital k, which is
relevant because some central banks these days are holding stocks, corporate bonds
or mortgage-backed securities, including the ECB and Bank of Japan. Each unit
of k accumulated in the CM yields F'(k) in numeraire next CM, and the rental
price of capital is Ry = F(k). Assume for the sake of illustration that F'(k)k is
increasing in k, and it fully depreciates each period. Then z, = Ry(k — k¢) where
k¢ is capital held by the central bank. The real return on capital is r, = Ry — 1,
and the spread is sy = (10 — 7)/(1+ 7). Under reasonable assumptions, a central
bank purchase of k using cash increases k, s, sp, ¢ and g, while it decreases ry,

qr and g4. This is only meant to show the flexibility of the approach, but future

work could push it further.

6 Conclusion

This project has analyzed monetary policy in economies with frictions where assets
facilitate trade. The main finding is that injections of currency by open market
operations are generally quite different from lump sum transfers. There are many
predictions, some of which are consistent with conventional wisdom, although per-
haps for different reasons — e.g., injecting cash by OMO lowers ¢, but due to lower

Ay, not higher A,,. Other predictions contrast with conventional wisdom — e.g.,

22There are exceptions to the above results for extreme parameters. Suppose, €.g., Xr = Xb
and if z,. is accepted then so is z,. Then they are perfect substitutes, so if both are held then
sy = Sp. In this special case, an OMO that swaps bonds for reserves is neutral — it changes the
composition but not the value of x, (2, + 2z5) — although ¢, still has real effects.
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injecting cash by OMO is not a good idea in a liquidity trap. Many results are

robust — e.g., 1, does not move one-for-one with 7, and is in fact nonmonotone,

due to the Fisher and Mundell effects. Different specifications were considered,

including random vs directed search, bargaining vs posting, short vs long bonds,

and nominal vs real bonds. We used information frictions to endogenize liquidity,

which led to interesting multiplicities from a policy perspective. We also analyzed

interest on currency or reserves. While more can be done, this is a useful step in

reducing the gap between monetary theory and policy.
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Figure 2: Increase in ¢, and decrease in A, with long and short bonds,
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A: Additional Effects in Baseline Model

Here we consider the effects of the a’s and x’s in the baseline model, in Case 1, where the
constraints bind in all meetings (Cases 2 and 3 are similar but easier). First, to reduce notation,

let Dy = oy L, + ao LY. The effects of acceptability on q are

8qm _Lm
Zamo 0
Ot  Dgvl, -
8Qm _ —Ls >0
Aoy D,

an o _Lm.
Oay,  Dgv) >0
0 —L

2 222,

/
Oaa Dy}

plus 9g2/0ap = OGm /Oy = Oqp/d, = Oqp/Oap, = Ogp/Oca = 0. The effects on the other

variables are

0zm _ —L,, 50
Oayy, DaXxm

6 m *L

SU—C

0oy DaXxm

sy —xpa2lyLly,

= <0

aa”’l D(l

0

L Xo Ly >0

8ab

sy _ xvamlinly

3012 Da

8’/1) _ (1 + Lb)XbOQL/QLm >0
O Do (14 xpanLy + xp2Lz)
Auy _ —(1 4 w)xp Lo

Oy 1+ xpapLp + xpals

8Lb . —amL;n(l + Lb)XbL2 <0

oy Dy (14 xpapLy + xpa2La)

plus 0z,,/0ap = 0. The effects on ¢, are similar to ¢, with the opposite sign.



The effects of pledgeability on q are

plus 9qy/Oxm = 0.

Oqm — (ot Lim L
9 (@ +azls) <0
OXm Doxmuy,
0 — (L, L
q2 (a +/0é2 2) -0
OXm Daxmv
an _ *AbOQLIQ <0
8Xb Da
1o} A
S 2y
Ixp vy
% - AbamL;n 0
aXb B DaUIQ

For the other variables,

0Zm Zm Lo
= — — = 2
IXm Xm  Dax3,
azm _ 7Ab042L2 <0
aXb DaXm
Osp  —xpa2Ly(am L + azls)
= <0
8X'In DG.XWL
sy sy ;- Apxaaoan LY L
- — + AbxbabL + n >
aXb Xb b Da
Oty (1 + wp)xpoLh (L, + a2 Ls)
= >0
OXm (]— + Sb)DaXm
oL 14
TXZ = — <1 n Sl;)) [s6/xb + Apxpaw Ly, + Apxpaa Ly, L, /D,] Z 0.

The effects on ¢ are similar to ¢, with opposite sign. B

B: Long Bonds

Now consider long-term bonds, where main difference from short-term bonds is that z,

(¢ + 0) Ay is endogenous,. When the constraints bind in all meetings, the effects of ¢y are

Ozm  Xi(awLy 4+ agLh) — 6(1 + 1) Ay /22 -

20

Ouo Dix3,
0 — L

Ozp _ XvQaLig >0

Jup Dixm

Oqp _ —xpazly
0o Dixmv},
92 XiapLy —6(1+1)Ap/2E
P ; <
Oio Dixmvh

>0

0,

0



where D; > 0 is given by
Dy = [xi (awLy + asLh) — 6(1 + 1) Ap/2;| Ll + [XgowL), — 6(1 +7)Ap/27] cnLh.

The effects on g, are similar to the effects on z,,. For financial variables,

Osp  —0(1+7)Apxpaalh

— = >0
Ot DleZf
15] — L
ﬂ — XibOQ 2 >0
8LO DleAb
Oy 1 (1+ ) 6(L +7)Apxpra Ll
[ + 5 % 0
Oy 14 s (1+ sp)Dixmz;
The effects of OMOQ’s are
Ozm  xpooLyy(141) <0
aAb B DleZb
05 _ —5(1+7)(amlyy +aalh)
aAb o Dle
dqp o —0(1 +7)(am Ly, + aalh) >0
8Ab o Dlzbv{,
02 —6(L+r7)xeamLy, 50
8Ab o Dlzbvé
0sp _ —6(1+ r)x% (mapL], Ly + oL Ly + apas Ly LY) <0
8Ab Dlzb
Oy, _ 01 +7) (1 + ) Xj (maw Ly, Ly + amanLy, Ly + apasLyLh)
_— = >0
0A, (1 -I-Sb) Dz
0Py, —dp0(1+7) (14 1p) Xz (amapLl, Lt + aman Ll L + apos L L)
R < 0.
0Ay (Lb 771') (1 +Sb) Dz,

Again the effects on ¢, are similar to the effects on z,,. In all these results, the one ambiguous

effect is Oup,/dtp, due to the Fisher and Mundell effects, as in the baseline model. B

C: More on Directed Search

Consider a directed search model with only one asset with real value z = ¢pA and a spread s
between the return on it and an illiquid bond, and normalize the measure of buyers to u = 1.
Market makers post (g, z, o) to solve a version of the problem in the text with s instead of ¢o and
II instead of II,,,. Generically there is a unique solution, with U®(s,II) decreasing in both s and

II. The FOC’s wrt ¢ and ¢ are given similar to those in the text with s and II instead of ¢y and



IL,,. This generates a correspondence o (II), like a demand correspondence with o quantity and
II price, and it is decreasing (Rocheteau and Wright 2005, Lemma 5).

One approach in the literature assumes n is fixed, so in equilibrium ¢ = n. Then o (II) =
n pins down II, and it is easy to check dq/0s = ¢'/[au” — (a+s)’'] < 0 and Jq/On =
o (v =) /Jauw" — (a+s) "] > 0. Other effects are complicated, in general, so suppose ¢ is
constant, as it is with a Cobb-Douglas matching function, truncated to keep probabilities be-

tween 0 and 1. Letting ¢ = 0/ (0) /a (o) € (0,1), we have

0z _ a{v'dja+s(l—e)—e(l—e)(u—c)|av” — (a+s)]}
Os [a+ s(1 =) o — (a+s) ]

0z _w{e(l—¢)(u—c)fau” — (a+s) "] —u'd[a+s(1—¢)]}
on [+ s(1— &) o — (a+ ) "]

<0

> 0.

Another approach assumes a perfectly elastic supply of homogeneous sellers, with fixed entry

cost K, so that in equilibrium II = k and o = o (k) is endogenous. Then

! I

dg _ da"(u—c)

ds D <0
9q _ d[1+s(1—¢)/a](v —) <0
ok D ’

with D = [au” — (a+5) "] [@"(u— ¢) + sk(1 — €)d/ /a?] — &’?(v — ¢)?> > 0. While D cannot

be signed globally, in equilibrium D > 0 by the SOC’s. Also, if € is constant, then

do o — (a4 s)c"|k(1 —¢)/a— o' (u' — )

e D <0

do _ [au” —(a+s)c"][1+5(1 —¢)/a]

o D <0

0z k(l—¢)?[au” — (a+8) "]+ ? [a(u — c)a” — sk(l — &)’
%Z( )1 (+)];D[( ) (d-e)a] _,
0z —w{u'[a+s(1—¢)] +e(l —e)clau” — (a+s) "]} >0

ok ala+s(l—e¢)]D =7

In these results, the only ambiguous effect is 02/0x. B
D: Interest on Reserves

Consider the model with currency plus reserves. To conserve notation, we allow ¢, > 0 but

set ¢ = 0, which is without loss in generality since all that matters is s = (10 — te) / (1 + ¢c)-



Given policy (i, tr, Ap), equilibrium reduces to two Euler equations in (z, z,), then bargaining

determines q, and s is pinned down by the equation for z,. From the Euler equations we derive

3 dze | —XeXo(aa Ly + asLy)dAy
er ?l(iir:)%) dL" - XTXb(O‘T'bL;«b + Odng)dAb ’
where
3 X2(aeLl + aer LL, + aep Ll + asLh) XeXr(Qer L, + a3 LY) '
XeXr(er Ly, + azly) X%(a"‘L’IF + aer Ly, + app Ly + azLy)

Therefore, the effects of changing A, are

azc Xb
5. = D [ver L (app Ly — ey Lly) — ey Ly (o L 4 a3 Ly + oy L) — iz L LY
827" Xb
aAb = XT.Dg [acrLlcr(ach::b — OszL;nb) — OérbL;b(OécL/c + OZ3L;, + Olchlcb) - acOZSL/cLJIS]v

where D, > 0 is given by

Dy = (O‘CL/c + achlcb)(arL; + O‘TbL/rb) + (acrL/cr + O‘SLE’))(O‘CLIC + O‘TL/r + O‘ch/cb + arbLLb)-

These effects ambiguous without some restriction. If a,, L/, = 0, e.g., which says no one accepts
reserves and bonds but not currency, then dz./0A, < 0. Similarly, if aeLl, = 0, e.g., then
0z, /0A, < 0. So under reasonable restrictions OMO’s that increases A, decrease both currency
and reserve liquidity. Also, given x. > X, €.g., in the natural specification x. = 1, increasing Ay
must lower at least one of them, since 0z./0A, + 0z, /0A, < 0.

As regards the effects on q, we have dq./0A, ~ 0z./0Ap and J¢q,/0Ay ~ 0z, /0 Ap, where ~

indicates the two sides have the same sign. For the rest, obviously dg,/0A4 > 0, and

gf;; =50, <0
g‘i‘;: = ﬁ@cb >0
9q;

Y Dfi;.b b >0
6?72 - Dﬁ;g 520



where

. = apLly (Ll + asLl + agLl,) + aeLly (. Ll + asLy + app L) + asLy(a Ll + a.LL) > 0
oy = e L, (aeLl, + a L. + 2a,p L)) + ac Ll (i, Ll + app L) + asLy(ae Ll + anpLly) > 0
D = aer L, (Ll + a, Ll + 2 LLy) + Ll (a L, + ae L) + asLi(a, Ll + agLl,) > 0

O3 = e L, (Ll + . L. + agLly) + aca. LLL!. + oy Ly (e LY, — ey L) 2 0.
The only ambiguous result is dqs/0Ap, but the above restrictions that deliver 9z./0A;, < 0 and

0z, /0A, <0 (ie., app L), =0 or oL, = 0) also deliver dq3/0A, > 0.

As for interest on reserves, the effects on real currency and reserve balances are

0ze (14 wo)(aer L, + asLh)

= <0
Oby XchDg(l + 1r)?
0z,  —(14w)(aerLl, + acpLl, + L, + asLy)
= 5 5 > 0.
8L7‘ XTDQ(I + LT‘)
The effects on q are
0qc  Xe Ozc
=== 0
oLy v, Oty <
a T ' a T
dr _ Xr 9% >0

oL, vl Oiy

0qer  —(1+wo)(acLl + aepLly)

= O
a[fr erér(l + [’T)Q‘DQ g
0qcp Xe 0z,
Yleb _ Xe 0
Oty vy Oty <
8q7’b _ Xr 827’ >0

!
oL, vy Oy

8(]3 _(1 + LO)(acLlc + achi-b)
= , . >0
Oy XrUh(1 4 ¢r)2Dy

plus ¢, /0t = 0. Remarkably, these are all unambiguous.

As always, these are generic results; some effects can be 0 for special parameter values. To
consider one such case, suppose bonds are accepted in a meeting if and only if reserves are
accepted; and sometimes only cash is accepted; and sometimes all assets are accepted. This

implies aup, e, 3 > 0 and o, = ap = aep = e = 0. Inserting these into the above general



formulae, we get 0z,/0A, = 1, of course, plus

0z, —xb (o Ly Ll + oy Ly s Ly + ez L LY)

0z a(szb + szr)
= and = - = ~ —=0.
A, xrDy Ay Ay

What is interesting is not so much that dz,/9A4;, < 0 is now unambiguous, but that xszp + Xr2r
and z. are independent of A,. This is because in this case bonds and reserves are perfect
substitutes, and note that the result does not require x;, = x,. So OMQ’s are neutral in this

case. However, ¢, still matters; in particular,

0z _ _(twasly .9z _ —(1+u)(acl; +asly)
O - XchDg(l + L’l")2 Oy N X%Dg(l + Lr)g

> 0.

Thus, higher ¢, reallocates the monetary base to less currency and more reserves, in real terms,
but notice x;-z,- rises by more than y.z. falls, so in a sense money becomes more liquid.
Here is another special case, where there are only type-c, type-r, type-b and type-3 meetings.

Then

0ze _ —xvowasLiLy _ o 0z _ —xpacosLily
Ay XcDy 0A, XrDg

<0.

Of course we have 0q./0A < 0, 0g,./OA, < 0, Oqp/ DAy > 0 and, one can easily check, dqsz /A, >

0. Similarly, for ¢,., we have,

0ze (14 10)asly
e XeXrDg(1+1,)?
0zr  —(1410)(acL), + asLy)
T N (N

<0

>0,

as minor simplifications of the general case. The effects on q are

0q. (14 wo)asLh

Oty N Xng(]- + Lr)zvé

0qr  —(14 w)(acLl, + asLy) >0
A, XTDg(l + ¢)20l,
0qs3 —(1 4 w)acL,

>0

dtr  xoVh(1+ 0r)2D,

The effects are all unambiguous in this special case. B
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